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Abstract

One of the elements and purposes of the climate-energy policy of the European Union is to increase the efficiency of conver-
sion of the energy from fossil fuels. Managing high-temperature heat losses which accompany the technological processes,
especially in thermal power engineering, serves this goal. An example of effective use of this heat is through the application
of distributed generation devices (including: fuel cells, microturbines, and Stirling engines), which produce in combination
electric energy, or mechanical energy and heat. This paper presents research into a micro cogeneration system with a Stirling
engine, using nitrogen as a working gas. A crucial element of the research is model-based analysis of changes in selected
thermodynamic parameters, including among others: pressure change in the working cylinder. The presented comparison of
the research results, as well as the results of simulation, effectively support the prediction processes as regards the system.
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1. Introduction

The 2030 perspective [1–3] sets goals for the mem-
ber states of the European Union with respect to energy.
These purposes include: increasing power efficiency to 27%,
growth of renewables [1, 2] in the energy market to 27%, and
reduction of CO2 emissions by nearly 40% [1–3]. Improved
energy efficiency is perceived as dependent on the develop-
ment of distributed generation [4–7]. In many sources of dis-
tributed generation [4, 6] changing the form of chemical en-
ergy (e.g.: fuel energy—internal combustion engines or en-
ergy of working element, for example Stirling engines [8–18])
into mechanical energy takes place with the use of various
working mechanisms (among others: the piston-crankshaft
mechanism, rhombic drive mechanism, the mechanism with
an oblique disk, and other combined mechanisms). The
most frequently used transmission mechanism in engine
construction practice is the piston-crankshaft assembly [19–
21].

This paper presents geometric, analytical and simulation
models of the piston camshaft mechanism with three de-
grees of freedom in the Alpha-type Stirling engine. A dy-
namic model has been connected with the isothermal sub-
model of the heat exchange in the working space (Fig. 8). It
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should also be mentioned that similar works were conducted
by the authors [12, 14, 17–20]. In work [12], a dynamic model
of the Stirling engine was presented, the key element of
which was a piston-crankshaft assembly. A model of chang-
ing dynamics of the piston-crankshaft assembly was con-
nected with a thermodynamic second-order model, which
takes into account energy and heat losses taking place in
the engine [12].

As was mentioned in the context of the growing inter-
est in cogeneration systems and distributed micro cogener-
ation [4], which comprises among others Stirling engines [8–
18, 21–44], the need arises to optimize (improve efficiency)
and rationalize management of waste heat. It is thus worth-
while preparing tasks related to optimization of the parame-
ters of the Stirling engine work [24–31]. A dynamic model
of the Stirling engine, presented in this work, will be used to
serve this purpose.

The prepared model of the piston-crankshaft assembly
will be extended in the future with subsequent constituent
parts, among others: a quasi-adiabatic model of heat ex-
change [32, 33] during operation of the heat cycle with the
purpose of providing a faithful description of processes tak-
ing place in a real engine, and an optimization model [22–
31] of the geometric parameters (depending on the needs,
the purpose can be maximum overall efficiency, utility power,
or minimum entropy increase in the course of the heat ex-
change processes). Depending on the input parameters,
a multi-layer neural network [34] or Fuzzy Logic [37] will as-
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Figure 1: Testing workbench [8–10]

sure the adaptiveness of the model’s work.
Such an approach will make it possible to investigate the

influence of the chosen work parameters and their optimiza-
tion in order to obtain maximum efficiency and to use this
knowledge on a real object.

In this work, differential equations are presented, de-
scribing the dynamic model of the piston-crankshaft system.
These equations are coupled with differential equations de-
scribing the isothermal heat exchange in the working space.
The precursors of mathematical description of the isother-
mal heat exchange in the working space were Urieli and
Berchowitz [22, 25], and Walter [24], as well as Organ [42]
and Shoureshi [23]. In Poland, the precursor of mathemati-
cal modelling of the thermodynamic processes in the Stirling
engine was Zmudzki [43]. Unfortunately, their models did not
take into consideration the dynamics of the piston-crankshaft
assembly, which has a huge significance in transient states,
for example during startup of the Stirling engine [21].

In the present work, on the basis of the energy bal-
ance in the control spaces, the change of control pa-
rameters was simulated: parameters such as theoret-
ical work, theoretical power, and flow of the work-
ing gas mass in the chosen inspection points (expan-
sion space–heater, heater–regenerator, regenerator–cooler,
cooler–compression space). The simulation results of the
change in cylinder pressure were validated against test
bench research.

2. Description of the test bench

The laboratory workbench where the tests were con-
ducted consisted of a single-action Alpha-type Stirling en-
gine (Fig. 1), a belt transmission with an i = 1 : 4 ratio be-
tween the Stirling engine and the electric DC engine (elec-
tric engine rated power—500 W), the gauging sensors (pres-
sure converter placed in the cold cylinder, magneto-inductive
sensor) of gauging thermocouples—Fig. 2 (of the K-type, lo-
cated in: the compression space (Vc), with temperature Tc,
expansion space (Ve), with temperature Te, and on the re-
generator (R) from the side of the cooler with temperature
Trc, as well as from the heater side, with temperature Trh),
a loading system for up to 550 watts (the loading system

Figure 2: Diagram of a real-life Stirling engine and illustration of temperature
change in working space [8]

worked as an adjustable current source), National Instru-
ments cards, and Labview software to register the chosen
parameters. For startup of the micro cogeneration system
with the Stirling engine, 2 serially connected lead-acid 12 V
batteries (Forse 55 Ah) were used.
The working gas, nitrogen in this case, was delivered from
a pressure container (Fig. 1) to the buffer space pbu f f er, and
to the working space pch. During the tests, the temperatures
in compression space TCo, expansion space Te, on the re-
generator from the cold side Trc and the hot side Trh (Fig. 2a)
were registered in parallel, as were the rotational velocity of
the Stirling engine (which was converted to the velocity of the
electric motor at the known ratio between the electric motor
and the Stirling engine), the current fed to the loading sys-
tem, the voltage on the electric motor, and the pressure in
the cold cylinder (the compression space). Fig. 2 shows a di-
agram of the Stirling engine construction (Fig. 2a), as well
as an illustration of the temperature changes in the working
space (Fig. 2b).
The angular shift between the piston working in the com-
pression space (tc) and the piston working in the expansion
space (te) was 90◦. Fig. 2a illustrates temperature change
in the working space. It was assumed that the tempera-
ture of the lower heat source is approximately equal to the
temperature in the compression space, in the dead space
above the piston, and in the cooler space, which means that
Tc ≈ Tcd ≈ Tco. A similar simplification was adopted for the
upper heat source. It was assumed that the temperatures in
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Figure 3: Model of the piston-crankshaft assembly [21]

the expansion space Ve, in the dead space above the piston
Ved working in the expansion space and in the heater space
Vh are roughly the same, which means that Th ≈ Ted ≈ Te.
It is a known fact that temperature Tr on the lr regenerator
length ranges between the temperature of the lower Tc and
upper Th heat source (it is a linear relationship in approxima-
tion). In order to determine the temperature on the regener-
ator, relationships from (14) to (16) were used, aspresented
in subchapter 2.1.

2.1. Dynamic model of the piston-crankshaft assembly and
the model of isothermal heat exchange—theoretical
considerations

The model presented in this work concerns the piston-
crankshaft assembly used in, among others, Stirling engines.
The geometry of the presented piston-crankshaft assembly
is different from the geometry of the piston-crankshaft as-
sembly of the combustion engine due to the fact that the
cranks in the two-cylinder combustion engine’s layout are off-
set by 180◦ against each other, whereas in the discussed
system the angle between cranks of the hot and cold cylin-

Figure 4: Diagram illustrating geometry of the considered piston-crankshaft
assembly [21]

Figure 5: Diagram showing the distribution of forces in the considered sys-
tem [21]

ders is 90◦. Fig. 3 shows the geometric model, which as-
sumes static reduction of the connecting rod masses.

Similar assumptions were made in works [19–21]. The
analyzed physical model has three degrees of freedom. The
flywheel is connected with the shaft by means of the elastic
element of the k1 rigidity (section: flywheel—the first piston).
On the farther section between the first and the second pis-
ton, the shaft has rigidity k2.
The crank of piston 1 (Fig. 3) is shifted against the crank of
piston 2 by the angle of 90◦. Fig. 4 shows a diagram of the
crankshaft mechanism with the angles marked, which will
serve the purpose of determining the equations of motion.
From analysis of Fig. 3, 4 and 5, the equation of moments
can be written for crank 2 inertia:

I1ϕ̈1 = M1 − F1r sin(ϕ1 + γ1 + 90◦)
−k1(ϕ1 − ϕ0) (1)

The crank 1 motion can be described with a similar equation:

I0ϕ̈0 = M0 − F0r sin(ϕ0 + γ0)
−k2(ϕ0 − ϕ2) + k1(ϕ1 − ϕ0) (2)

The sum of moments for the flywheel (Fig. 1) is:

I2ϕ̈2 = k2(ϕ0 − ϕ2) (3)

The sum of projections of the forces on the x-axis for piston 2
(on the basis of Fig. 4) is:

F1 cos γ1 − m1 ẍ1 = 0 (4)

The sum of projections of the forces on the x-axis for piston 1
(on the basis of Fig. 4) is:

F0 cos γ0 − m0 ẍ0 = 0 (5)
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From the trigonometric dependencies (the theorem of si-
nuses) the relations can be determined (relations between
γ0 and ϕ0 and also γ1 and ϕ1. The detailed derivation path
for these dependencies was shown in work [21].

The last unknown for determining forces F0 and F1 from
equations (4) and (5) are the linear accelerations ẍ0 and ẍ1.
In order to define the sought unknown on the basis of analy-
sis of the kinematic relationships shown in Fig. 4, employing
the theorem of sinuses allows for eliminating the angle γ0,
then:

x0(ϕ0) = r

(1 − cosϕ0) +
l
r

(1 −

√
1 −

r2

l2
sin2 ϕ0)

 (6)

Expanding the root from (6) into a power series, which was
limited to the first two terms, the final relationship for x0 can
be formulated:

x0(ϕ0) = r
{
(1 − cosϕ0) +

λ

4
(1 − cos 2ϕ0)

}
(7)

As a result of differentiating the equation (7), a relationship
describing linear velocity and linear acceleration for piston 1
(tC) is obtained. The detailed derivation of the relationship
of the piston 1 velocity and acceleration was presented in
work [21].

According to the assumptions made, the linear displace-
ment for piston 2 (tH) is offset against piston 1 (tC) by
the value corresponding to the difference of crank angles
amounting to 90◦, which can be described by the following:

x1(theϕ1 + 90◦) =
r
[
(1 − cos (ϕ1 + 90◦)) + λ

4 (1 − cos (2ϕ1 + 180◦))
] (8)

Using the trigonometric relationships (reduction formulae),
the expression (8) was reduced to the form of:

x1 = r
{
(1 + sin (ϕ1)) +

λ

4
(1 + cos (2ϕ1))

}
(9)

As a result of differentiating the equation (9) the relation-
ship is obtained, describing linear velocity and linear accel-
eration for piston 2. The detailed derivation of these relation-
ships was presented in work [21].

The moment acting on the piston 1 shaft (tC) can be de-
scribed with an equation which takes into consideration the
change of pressure in a cylinder, acting on the bottom; this
can be written as follows:

M0 = pAC x0 (10)

The moment acting on the piston 2 shaft (tH) can be de-
scribed with an equation which takes into consideration the
change of pressure in a cylinder, acting on the bottom; this
can be written as follows:

M1 = pAH x1 (11)

Based on the real object, the assumption was made that
Ac = Ae = A, and it was assumed that M0 = M1 with respect
to the value.

Pressure p in the working space was approximated as
a mean pressure, which can be determined on the basis of
the known total mass of the gas in the working space [22–
24, 42, 43]. The total mass of gas in the working space is
a sum of masses in individual working spaces, which can be
described by the relationship:

mtot = mc + mcd + mco + mr + mh + med + me (12)

On the basis of the Clapeyron equation pV = mRT for indi-
vidual working spaces, the relationship describing the work-
ing gas mass in the working space can be written, taking into
account the thermodynamic parameters of the gas in each of
the spaces, with the assumption that the mean pressure in
the working chamber is constant:

mtot =
p
R

(
Vc

Tc
+

Vcd

Tcd
+

Vco

Tco
+

Vr

Tr
+

Vh

Th
+

Ved

Ted
+

Ve

Te

)
(13)

In relationship (13) the temperature on the regenerator’s
element Tr changes along its length, which can be written as
follows:

Tr(x) = x(Th − Tc)/lr + Tc (14)

Analysing Fig. 2 leads to the conclusion that if the rela-
tionship (14) describing temperature change is inserted in
the Clapeyron equation, then we receive [22, 25]:

mr =
Ar lr
R

´ lr
0 p 1

(Th−Tc)x+Tclr
dx =

p Vr
R(Th−Tc) ln Th

Tc

(15)

As a consequence, the temperature on the regenerator can
be determined, and it is:

Tr =
Th − Tc

ln Th
Tc

(16)

Transforming relationship (13), and inserting (16) into it,
the relationship describing pressure change in the working
space can be formulated:

p =
mtotR

Vc
Tc
+

Vcd
Tcd
+ Vco

Tco
+ Vr

Tr
+ Vh

Th
+

Ved
Ted
+ Ve

Te

(17)

It should be emphasised here that with respect to modelling
the pressure changes in the working space, the dead volume
values of heat exchangers are essential. They directly influ-
ence the amplitude value of pressure changes in the working
space [24].
The volume change VCo in the compression space using the
relationship describing x0 (7) can be written in the following
way:

Vc = x0(ϕ0)Ac (18)

The change of volume Ve in the compression space using
the relationship describing x1 (9) can be written as follows:

Ve = x1(ϕ0)Ae (19)
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The total dead volume present in the considered system can
be written as follows:

Vdead = Vco + Vcd + Vr + Vh + Ved (20)

The total change of volume in the working space can be writ-
ten as follows:

Vall = Vdead + Vc + Ve (21)

The work performed by the gas in compression and expan-
sion spaces can be formulated as follows:

Lteor =
¸

pdVcomp +
¸

pdVexp =¸
p dVcomp

dϕ dϕ +
¸

p dVexp

dϕ dϕ
(22)

With dVe/dϕ being:

dVe

dϕ
= Ae

dx1

dϕ1
(23)

With dVc/dϕ being:

dVc

dϕ
= Ac

dx0

dϕ0
(24)

The flow of the working gas mass in individual sections of
the working space can be determined by means of the equa-
tions:

ṁi =
dmi
dt
=

d
dt

(
piVi

RTi

)
=

dpi

dt
Vi

RTi
+

dVi

dt
pi

RTi
(25)

The theoretical power rendered by the gas for a single work-
ing cycle can be written as:

P =
ωi

2π
Lteor = fiLteor (26)

The theoretical power rendered by the gas for the considered
simulation time can also be written as:

Pteor =
Lteor

tsim
(27)

From relationship (17), ṗi can be determined:

ṗ =
dp
dt
=

d
dt

 mtotR
Vc
Tc
+

Vcd
Tcd
+ Vco

Tco
+ Vr

Tr
+ Vh

Th
+

Ved
Ted
+ Ve

Te

 (28)

Fig. 6 presents the space of heat exchange.
The equation of state for a system considered in this way
(Fig. 6) can be written as follows:

dQ + cpTinp
dminp

dt
− cpTout

dmout

dt
= dLteor + cv

d
dt

(mT ) (29)

For isothermal transformations Tinp = Tout = T = const and
dminp

dt −
dmout

dt =
dm
dt can be written consequently as:

dQ + cpT
dm
dt
= dLteor + cvT

dm
dt

(30)

Figure 6: Considered space of energy exchange

Figure 7: Mass flow and heat exchange on heat exchangers (isothermal
process)

As a consequence, the following can be written for the heat
exchangers, knowing that dVi = dVcomp + dVexp:

dQ = dLteor + T dm
dt

(
cv − cp

)
= p

(
dVcomp + dVexp

)
−RT dm

dt = −RT 1
RT

(
dp
dt Vi +

dVi
dt p

)
+ pdVi = −

dp
dt Vi

(31)

For the cooler Vi = Vc:

dQc = −
dp
dt

Vc (32)

For the heater Vi = Vh:

dQh = −
dp
dt

Vh (33)

Fig. 7 shows a schematic flow of working gas mass and
heat exchange taking place on the cooler, regenerator, and
heater.
For the regenerator, where the cyclical cooling and heating
of the working gas takes place dLteor = 0. Therefore, the
energy balance can be written as follows:

dQr + cpTc
dmc

dt
− cpTh

dmh

dt
= cvT

(
dp
dt

Vi +
dVi

dt
p
)

1
RT

(34)

Transforming the above we obtain:

dQr = −cp

(
Tc

dmc

dt
− Th

dmh

dt

)
+ cv

(
dp
dt

Vr +
dVr

dt
p
)

1
R

(35)

For the regenerator Vi = Vr = const:

dQr = −cp

(
Tc

dmc
dt − Th

dmh
dt

)
+ cvVr

dp
dt

1
R =

cvVr
dp
dt

1
R − cp

(
Tc

dmc
dt − Th

dmh
dt

) (36)
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Knowing that the temperature at the boundaries of the range
for x = 0 and for x = lr is, respectively Tc and Th (Fig. 2b),
we can write the following:

dmc

dt
=

dp
dt

Vc

RTc
+

dVc

dt
p

RTc
(37)

and
dmh

dt
=

dp
dt

Vh

RTh
+

dVh

dt
pi

RTh
(38)

It was assumed that during the working cycle the mass of
the working gas is pushed from the cold side, which can be
written for the control boundary cor:

dmcor
dt = −

dmc
dt −

dmcd
dt −

dmco
dt =

− 1
RTc

[
dp
dt (Vc + Vcd + Vco) + p dVc

dt

] (39)

Additionally, the assumption has been made that during the
working cycle the mass of the working gas is pushed from
the regenerator to the hot side, which can be written for the
control boundary rh:

dmrh
dt =

dmh
dt +

dmed
dt +

dme
dt =

1
RTh

[
dp
dt (Vh + Ved + Ve) + p dVe

dt

] (40)

As a consequence we can write:

dQr = −cp

(
Tc

dmcor
dt − Th

dmrh
dt

)
+ cvVr

dp
dt

1
R = cvVr

dp
dt

1
R + ...

−cp

(
−Tc

1
RTc

[
dp
dt (Vc + Vcd + Vco) + p dVc

dt

]
+

−Th
1

RTh

[
dp
dt (Vh + Ved + Ve) + p dVe

dt

]) (41)

Transforming (41) we obtain the ultimate form of the rela-
tionship describing the heat exchange taking place on the
regenerator:

dQr = −cp

(
Tc

dmcor
dt − Th

dmrh
dt

)
+ cvVr

dp
dt

1
R = cvVr

dp
dt

1
R + ...

+cp
1
R

([
dp
dt (Vc + Vcd + Vco + Vh + Ved + Ve) + p

(
dVc
dt +

dVe
dt

)]) (42)

Using the relationship (12) and assuming that mtot = const,
after two-sided differentiation, we obtain:

0 = dmc + dmcd + dmco + dmr + dmh + dmed + dme (43)

For the boundary line the cold cylinder–cooler (co − c), the
following can be written:

dmco−c = −dmc − dmcd ⇒
dmco−c

dt = −
Vc

RTc

dp
dt

+p 1
RTc

dVc
dt − Vcd

1
RTc

dp
dt =

1
RTc

[
p dVc

dt −
dp
dt (Vc + Vcd)

] (44)

For the boundary zone (co − r), the following can be written:

dmcor = dmco−c − dmco = dmco−c

−Vco
1

RTc

dp
dt =

1
RTc

[
p dVc

dt −
dp
dt (Vc + Vcd + Vco)

] (45)

For the boundary zone (r − h) the following can be written:

dmrh = dmhe+dmh =
1

RTh

[
p

dVe

dt
+

dp
dt

(Ve + Ved + Vh)
]

(46)

For the boundary zone (h − e) the following can be written:

dmhe = dme + dmed =
1

RTh

[
p

dVe

dt
+

dp
dt

(Ve + Ved)
]

(47)

As a consequence, for the change of mass dmr the following
can be written:

dmr = dmrh − dmrc (48)

3. Simulation model of the system

On the basis of the given relationships (1–48) a simulation
model was built (Fig. 8), describing the dynamics of the
piston-crankshaft assembly with three degrees of freedom,
as well as an isothermal thermodynamic model of heat ex-
change in the working space.
Table 1 shows input parameters for the simulation model
(Fig. 4) based on the real Stirling engine.

3.1. Simulation and workbench test results

Fig. 9 shows a closed-loop diagram of pressure changes
(Fig. 9a), and an open diagram (Fig. 9b). The change in
pressure relative to the mean pressure for nitrogen p =
0.45 MPa is ±0.13 MPa. The indicator closed-loop diagrams
originating from the tests and the model are similar. Fig. 9b
presents an open diagram, a curve obtained in the course
of the workbench tests. The amplitude of oscillations for the
open diagram of the pressure resulting from the tests is sim-
ilar to that obtained from the model (Fig. 15b) in the fixed
states.
Fig. 10 presents curves p(V) of volume changes of the work-
ing space Vc of the cold piston (tc), Ve of the hot piston (th)
and the sum of their total volume (Vall) in the course of the
working cycle, derived from the simulation model. Similar re-
sults with change of pressure were obtained from the tests,
which were presented in work [8]. Fig. 10 shows that the
mean pressure of the working gas increases with the rising
temperature of the upper heat source.
As follows from the analysis of the influence of the upper heat
source temperature originating from the research (Fig. 11),
with the growing difference of the temperature values (Tc =

const and temperature growth Te) the electric power value
increases. For nitrogen, with p = 0.5 MPa, with changing
temperature from Te = 780 K to Te = 910 K, there is a nearly
10 W increase in electric power.
Fig. 12 presents the influence of pressure change on the
value of the µCHP system electric power. In the case of ni-
trogen, for the pressure value p = 0.3 MPa, the value of max-
imum power was 19.77 W at n = 412.25 revs/min. Analyzing
the curves shown in Fig. 12 it can be seen that the increase
in pressure from 0.3 to 0.5 MPa is accompanied by an in-
crease in rotational velocity. For p = 0.4 MPa and Te = 910 K,
the electric power was 41.5 W with n = 546.7 revs/min.
Fig. 13 illustrates the influence of the upper heat source tem-
perature on theoretical work Lteor, and the increase in theo-
retical work δLteor. Theoretical work increases as a func-
tion of crankshaft rotation. Analysis of Fig. 13a shows that
work increases more rapidly with the increasing difference in
temperatures (increase of Te with Tc = const). The highest
amplitude among the considered cases, of the theoretical
work increase, occurs for Te = 910 K and is 43 J/rotation
(-18.1;+24.3) of the crankshaft (360◦).
Fig. 14 illustrates the influence of the upper heat source tem-
perature on theoretical power value. With the growing tem-
perature of the upper heat source (Th) the value of the the-
oretical power goes up, for Th = 910 K theoretical power is
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Figure 8: Simulation model designed with Matlab&Simulink

Table 1: Model input data

Parameter Value Parameter Value

Individual gas constant for nitrogen RN2=296.95 J/kgK Crankshaft radius rs=0.015 m
Temperature in compression space Tc=301 K Crankshaft mass ms=3.45 kg
Temperature in expansion space TEx=910 K Crank radius rec=0.125 m
Total mass of working gas mtot=0.0055 kg Crankshaft rigidity k1 ≈ k2=7200 Nm/rad
Volume of space Ved (above piston tC ) Vcd=0.00003 m3 Piston diameter D=0.11 m
Volume of cooler space Vco Vco=0.00031 m3 Regenerator length lr=0.055 m
Volume of space Ved (above piston tH ) Ved=0.000044 m3 Crankshaft length Dsha f t=0.8 m
Volume of heater space Vh Vh=0.00029 m3 Piston stroke s = 2r s=0.055 m
Volume of regenerator space Vr Vr=0.00022 m3 Length of connecting rod l=0.207 m
Reduced moment of crankshaft inertia for piston 1 (tC ) I0=0.0107 kgm2 Mass of connecting rod mc=0.55 kg
Reduced moment of crankshaft inertia for piston 2 (tH ) I1=0.0132 kgm2 Mass of piston 1 m0=0.65 kg
Moment of flywheel inertia I2=0.024 kgm2 Mass of piston 2 m1=0.95 kg
Crankshaft length ls=0.8 m Crankshaft rigidity k1 ≈ k2=7200 Nm/rad

— 301 —



Journal of Power Technologies 96 (4) (2016) 295–305

Figure 9: Closed loop diagram of pressure changes—comparison of results
obtained from the model and tests a), curve of pressure changes—obtained
from tests b)

13.5 kW (up 2.12 kW relative to the temperature Th = 780 K).
It should be emphasised that curves obtained from the model
do not take into consideration the losses occurring on the
real object. The present results obtained from the simula-
tion model should be seen as pointers in conjunction with
the tests conducted simultaneously.
Fig. 15a illustrates the volume change in the compression
space (Vc), expansion space (Ve), the sum of these spaces
(Ve+Vc), as well as the change of the total volume in the
working space (Vall), which also considers the sum of dead
volumes Vdead. Fig. 15b presents the change in pressure
simulated in the fixed state (when the mean angular velocity
is fixed—Fig. 17b). The character of changes in the sim-
ulated pressure approximates the values obtained from the
tests (Fig. 9b).
Fig. 16 illustrates the flow of the working gas mass through
the control volumes. The results presented below were ob-
tained by means of implementing relationships (1–48) into
the model, and particularly the relationships (43–48), which
describe the flow of the working gas mass at the control line.
The greatest flows of the working gas mass occur at the bor-
der line cr where the gas (dmcr) flows from the cooler to the
regenerator. The character of changes dmcr approaches si-
nusoidal. The lowest flow of the working gas mass occurs

Figure 10: Influence of upper heat source temperature on the p(V) curve

Figure 11: Influence of upper heat source temperature on the value of power
of the µCHP

at the border line he (the expansion space–heater—Fig. 7)
where the dmeh flows. When analyzing the single work cy-
cle (Fig. 16), attention should be paid to the mutual shift
in the flow of the working gas masses. This is caused by
the angular shift, which takes place in the real engine, as
well as by the quantities of dead spaces, which qualitatively
and quantitatively influence the character of the working gas
flow. The greater the dead volume of the heat exchangers,
the lower the amplitudes of changes of both: the theoretical
work increase (Fig. 13) and the mass flow through the heat
exchangers. In the case of the regenerator, the porous char-
acter of the element plays the key role, it usually ranges from
70 to 95% [42, 44].
In the dynamic model, the thermodynamic processes are ac-
companied by the phenomena occurring and resulting from
the dynamics of the considered system. Fig. 17a shows
the flow charts of angular displacements respectively for:
crank 2 (ϕ0), crank 1 (ϕ1), and the flywheel (ϕ2). Fig. 17b
presents the flow charts of angular velocities, which are very
similar in their character of changes (after 1s of simulation);
angular velocity reaches values of: ω0 = 1279 rad/s (ampli-
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Figure 12: Influence of pressure change on the value of the µCHP system
electric power

tude of oscillations is 228 rad/s), ω1 = 1293.5 rad/s (ampli-
tude of oscillations is 153 rad/s), ω2 = 1280 rad/s (amplitude
of oscillations is 38 rad/s) for the crankshaft-piston assembly
discussed in this work.
Amplitude of angular velocity changes depends on the
crankshaft’s geometric dimensions, crankshaft rigidity, mo-
ments of inertia of individual elements of the piston-
crankshaft system, as well as the character and value of
forces acting on the bottom of pistons originating from
the pressure changes in the compression and expansion
spaces.
Work [21] also discusses the influence of different parame-
ters on the dynamics of the piston-crankshaft assembly, such
as: loading torque, moment of inertia of the flywheel, extor-
tion torque, as well as the influence of the changing rigid-
ity of the crankshaft on the values of displacement, velocity,
angular acceleration and displacement, the values of piston
velocity and acceleration.

4. Conclusions

This work presents theoretical considerations of the
isothermal heat exchange in the working space of the Stir-
ling engine. Analytical and simulation models of the piston-
crankshaft assembly are presented, and selected results of
the simulation of the piston-crankshaft assembly with three
degrees of freedom are discussed. The dynamic model of
the piston-crankshaft assembly was coupled with the ther-
modynamic model, which describes the isothermal heat ex-
change in the working space of the considered Stirling en-
gine. The work presents the curves of dynamic parameters
such as angular acceleration and angular velocity, theoretical
work, theoretical power, and analysis of changes in those pa-
rameters made after the system determined an angular ve-
locity. These included, among others: the curve of pressure
in the working space, the flow of mass in the selected control
volumes and changes in the control volumes as a function of
the crankshaft’s angle of rotation.

The pressure change in the cold cylinder (Vc) was com-
pared with the test results. Also shown are the influence
of the upper heat source temperature on the theoretical

Figure 13: Influence of upper heat source temperature on: theoretical work
Lteror a), increase in theoretical work δLteor b)

closed diagram p(V), and the increase in theoretical work
and power. The simulations were conducted in the same
thermodynamic conditions as were determined for the tests.

On the basis of the performed simulations it can be stated
that the isothermal model of heat exchange provides a satis-
factory description of the pressure change in the cylinder. In
future scientific research the authors will consider processes
of adiabatic and quasi-adiabatic heat exchange in the cylin-
der with regard to the losses taking place in the real Stirling
engine.

Both the theoretical considerations and the workbench
tests proved the possibility of adjusting the performance of
the Stirling engine by means of changing the working gas
mass in the working space and the temperature of the up-
per heat source (with constant temperature Tc). The work-
bench tests presented in this work indicate that for nitrogen
a temperature increase from 780 K to 910 K for p = 0.4 MPa
results in electric power growing by over 20 W.

In the case of the model, the temperature increase of the
upper heat source was accompanied by an increase in the
mean pressure of the working gas in the working space. The
theoretical analysis in the present work constitutes a consis-
tent methodology, describing how a dynamic model of the
piston-crankshaft system can be integrated with a simulation
model.
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Figure 14: Influence of upper heat source temperature on theoretical power
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