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Abstract

The present article deals with the peristaltic flow of a Williamson fluid in an asymmetric channel with con-
vected boundary conditions. The relevant equations have been developed. The solution expression for stream
function, temperature profile and pressure gradient are derived using regular perturbation method. Numerical
integration has been carried out for pressure rise per wavelength. Plots are prepared and analyzed for various
embedded parameters involved into the problem.

Keywords: Peristaltic flow, Convected boundary conditions, Heat transfer, Asymmetric channel, Williamson
fluid

1. Introduction

Peristalsis is a series of wave-like muscle contrac-
tions that moves food to different processing stations
in the digestive tract. The process of peristalsis be-
gins in the esophagus when a bolus of food is swal-
lowed. The strong wave-like motions of the smooth
muscle in the esophagus carry the food to the stom-
ach, where it is churned into a liquid mixture called
chyme. Peristaltic flows play an important role in
sanitary fluid transport, transport of corrosive fluids
and toxic liquid transport in the nuclear industry. Af-
ter the first analysis done by Latham [1], prelimi-
nary mathematical models for peristaltic flow in an
infinitely long symmetric channel or tube were de-
veloped by Shapiro et al. [2]. Several theoretical
and experimental investigations have been prepared
to exploit the peristaltic action in different flow ge-
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ometries [3–12].

Convective boundary conditions are basically used
to define a linear convective heat exchange condition
for one or more geometric entities in Thermal mode.
Heat transfer analysis in connection with convec-
tive boundary conditions is used in processes such as
thermal energy storage, gas turbines, nuclear plants,
etc. Aziz [13] presented a similarity solution for Bla-
sius flow of viscous fluid with convective boundary
conditions. In another article Makinde and Aziz [14]
developed MHD mixed convection flow in a ver-
tical plate in a porous medium in connection with
convective boundary conditions. Makinde [15] also
discussed the MHD boundary layer flow with heat
and mass transfer analysis over a vertical plate with
convected boundary conditions. The forced convec-
tion heat transfer analysis from the flow of a uniform
stream over a flat surface with convective boundary
condition is considered by Merkin and Pop [16]. Ac-
cording to them the heat transfer near the leading
edge is dominated by the surface heat flux.
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The aim of the present work is to discuss the peri-
staltic flow of a Williamson fluid in an asymmet-
ric channel with convective surface boundary con-
ditions. The governing equations were developed
and simplified by employing suitable approximations
and assumptions. The solution expressions of stream
function, longitudinal pressure gradient, temperature
profile, pressure rise and frictional forces were cal-
culated. Graphical results are presented in order to
illustrate the variations of various parameters.

2. Mathematical formulation

We discussed an incompressible magnetohydrody-
namic (MHD) Williamson fluid in an asymmetric
channel. The width of channel is taken as d1 + d2 .
Flow is induced due to sinusoidal wave propagating
with constant speed c on the channel walls. The heat
transfer analysis with convected boundary condition
is maintained by giving temperatures T0 and T1 to the
lower and upper walls of a channel correspondingly.
The wall surfaces are taken as

Y = H1 = d1 + a1 cos
[

2π
λ

(X − ct)
]
,

Y = H2 = −d2 − b1 cos
[

2π
λ

(X − ct) + φ
]
,

(1)

in the above equations a1 and b1 are the waves am-
plitudes, λ is the wave length, d1 + d2 is the channel
width, c is the wave speed, t is the time, X is the
direction of wave propagation and Y is perpendicu-
lar to X . The phase difference φ varies in the range
0 ≤ φ ≤ π . For φ = 0 the symmetric channel with
waves out of phase can be described and when φ = π,
the waves are in phase. Moreover, a1, b1, d1, d2 and
φ fulfill the following relation

a2
1 + b2

1 + 2a1b1 cos φ ≤ (d1 + d2)2 .

The transformations between the laboratory and
wave frames are given by

x = X−ct, y = Y, u = U−c, v = V, p (x) = P (X, t) ,
(2)

The stream function Ψ is defined by

u =
∂Ψ

∂y
, v = −δ

∂Ψ

∂x
(3)

satisfies the continuity equation identically.
Dimensionless variables are defined by

x̄ = 2πx
λ
, ȳ =

y
d1
, ū = u

c , v̄ = v
cδ , δ = d1

λ
, d = d2

d1
,

P̄ =
d2

1 P
µcλ , h1 = H1

d1
, t̄ = ct

λ
, h2 = H2

d2
, a2 = a1

d1
, b = b1

d1
,

R = cd1
v , Ψ̄ = Ψ

cd1
, θ = T−T0

T1−T0
, Ec = c2

cp(T1−T0) ,

Pr =
ρνcp

K′ , S̄ = S d1
µc , We = Γc

d1
, M =

√
σ
µ

B0d1.

(4)
The flow equations for Williamson fluid in di-
mensionless form under long wave length and low
Reynold’s number approximation takes the form [6]

∂2

∂y2

∂2Ψ

∂y2 + We
(
∂2Ψ

∂y2

)2

− M2Ψ

 = 0, (5)

dP
dx

=
∂

∂y

∂2Ψ

∂y2 − M2Ψ + We
(
∂2Ψ

∂y2

)2 , (6)

∂2θ

∂y2 = −Br

(∂2Ψ

∂y2

)2

+ We
(
∂2Ψ

∂y2

)3 , (7)

where M is the Hartman number, We the Weis-
senberg number, Br the Brinkman number and Pr the
Prandtl number.
The corresponding boundary conditions can be put
into the following forms:

Ψ = F
2 ,

∂Ψ
∂y = −1, θ′ (h1) − Biθ (h1) = −Bi,

at y = h1 = 1 + a cos x,
(8)

Ψ = −F
2 ,

∂Ψ
∂y = −1, θ = 0,

at y = h2 = −d − b cos (x + φ) ,
(9)

where Bi =
h f d1

K is the Biot number and h f is the
convective heat transfer coefficient.
The expression relating the time mean flow rate Θ (in
the fixed frame) and Q (in the wave frame) is

Q = Θ + 1 + d. (10)

3. Series Solutions

For small Weissenberg number We series solutions
can be written as follows
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Ψ = Ψ0 + WeΨ1 + O
(
W2

e

)
, (11)

dP
dx

=
dP0

dx
+ We

dP1

dx
+ O

(
W2

e

)
, (12)

Q = Q0 + WeQ1 + O
(
W2

e

)
, (13)

θ = θ0 + Weθ1 + O
(
W2

e

)
. (14)

Putting the above equations into Eqs. (5)–(9) and
then solving the resulting systems we have

Ψ (x, y) =
(L1+L2) cosh My

M2 +
(L1−L2) sinh My

M2 + L3y + L4

+We

(
(L5+L6) cosh My

M2 −
(L2

1+L2
2) cosh 2My
3M2

+
(L5−L6) sinh My

M2 −
(L2

1+L2
2) sinh 2My
3M2

)
,

(15)

dP
dx

= −L3M2 + W2
e

(
−L8M2

)
, (16)

θ (x, y) = −
Br(2My(L2

1−L2
2+2L1L2 My+(L2

1+L2
2) cosh 2My+(L2

1−L2
2) sinh 2My

4M2

L21y + L22 + W2
e

(
1/108M4(Br(48L2

1L2
2M2y2 + 108L5L6M2y2

−54L2
8M4y2 − 3L4

1 cosh 4My − 3L4
2 cosh 4My − 36(4L2

2L5
−6L8L6M + 9L1L2

2M2) cosh My − sinh My) − 36(4L2
1L6

+6L8L5M + 9L2
1L2M2) (cosh My + sinh My) − 9(3L2

6
+4L2

2L8M) (cosh 2My − sinh 2My) − 9
(
3L2

5 − 4L2
1L8M

)
(cosh 2My + sinh 2My) − 4L2

2

(
−4L6 + 3L2M2

)
(cosh 3My − sinh 3My) − 4L2

1

(
−4L5 + 3L1M2

)
(cosh 3My + sinh 3My) − 3L4

1 sinh 4My + 3L4
2 sinh 4My))

+L26y + L27),
(17)

where values of L1 − L25 were calculated using
Mathematica.
Heat transfer coefficient Z at the upper wall is defined
as

Z = (h1)x θ (x, y)y . (18)

and the expression for dimensionless pressure rise
∆P is

∆P =

ˆ 1

0

(
dP
dx

)
dx. (19)

4. Results and discussion

This section describes the pressure rise, pressure gra-
dient, velocity, temperature and streamlines. The
pressure rise per wavelength was examined through
numerical integration. The pressure rise against vol-
ume flow rate is shown in Figs. 1(a) to 1(c). Basically
the pressure rise and volume flow rate have opposite
results. Figs. 1(a) to 1(c) showed that in pumping
region (∆P > 0), the pressure rise increases when
Weissenberg number We, Hartman number M and
amplitude ratio a increase and augmented pumping
occurs for (∆P < 0). Figs. 1(a) to 1(c), show that
the pressure rise decreases by increasing the Weis-
senberg number We, Hartman number M and am-
plitude ratio a in the augmented pumping region.
Free pumping region corresponds (∆P = 0) . Vari-
ations of Hartman number M , Weissenberg num-
ber We and flow rate Q on the velocity profile are
shown in the Figs. 2(a) to 2(c). Fig. 2(a) shows
that the velocity near the channel walls is not sim-
ilar in view of the Hartman number M . The ve-
locity decreases by increasing M . The velocity for
the Weissenberg number was plotted in the Fig. 2(b).
It is found that the velocity field increases in the
region y ∈ [−1.3, 0] , whereas it decreases in re-
gion y ∈ [0.1,−1.1] when the Weissenberg number
We increases. Fig. 2(c) shows that an increase in
flow rate Q increases the velocity field. The vari-
ation of temperature profile for different values of
Biot number Bi, Weissenberg number We, Hartman
number M and Brinkman number Br are plotted in
Figs. 3(a) to 3(d). Here the temperature profile in-
creases when Biot number Bi, Weissenberg number
We and Brinkman number Br increase. Temperature
profile decreases with the increase in Hartman num-
ber M.
Figs. 4(a) to 4(c) display the pressure gradient for
different values of We, M and a The magnitude of
pressure gradient increases with the increase in M,
We and a It is also observed that the maximum pres-
sure gradient occurs when x = 0.48.
The trapping for different values of M, We, a and
Q are shown in Figs. 5(a) to 5(h). It is seen from
Figs. 5(a, b) that the size of the trapping bolus de-
creases by increasing M (in the upper and lower parts
of the channel). Figs. 5(c, d) denote that the size and
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Figure 3: Variation of temperature profile for (a) a = 0.1, b = 0.5, d = 1, φ = 0.7, x = 1, Q = 2, Br = 2, M = 2 and We = 0.1. (b)
a = 0.1, b = 0.5, d = 1, φ = 0.7, x = 1, Q = 2, Br = 2, M = 2 and Bi = 0.1. (c) a = 0.1, b = 0.5, d = 1, φ = 0.7, x = 1, Q = 2,
Bi = 0.2, M = 2 and We = 0.1. (d) a = 0.1, b = 0.5, d = 1, φ = 0.7, x = 1, Q = 2, Br = 2, Bi = 0.2 and We = 0.1.
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Figure 5: Stream lines for panels ((a) and (b)) for M = 0.2, 0.4, ((c) and (d)) for We = 0.1, 0.2, ((e) and (f)) for a = 0.2, 0.3, ((g)
and (h)) for Q = −2, −3, while the others parameters are d = 1, φ = 0.2, b = 0.2.
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number of the trapping bolus increases with an in-
crease in We (in the upper and lower parts of the
channel). Figs. 5(e, f) show that due to an increase
in amplitude ratio a the size and number of bolus in-
creases. It is seen from Figs. 5(e, f) that the size and
number of bolus in the upper and lower parts of chan-
nel increases when Q increases.

5. Concluding remarks

The present work discusses the Williamson fluid
in an asymmetric channel with convected boundary
conditions. The main points of the present analysis
are as follows.

1. Pressure rise increases when Weissenberg num-
ber We, Hartman number M and amplitude ratio
a increases.

2. The velocity decreases by increasing M.
3. Velocity profile increases in view of an increase

in We and Q.
4. The temperature profile increases when Biot

number Bi, Weissenberg number We and
Brinkman number Br increases.

5. The magnitude of pressure gradient increases
with the increase in M, We and a

6. The size of the trapping bolus decreases by in-
creasing M (in the upper and lower parts of the
channel).

7. The size and number of the trapping bolus in-
creases with an increase in We (in the upper and
lower parts of the channel).

8. Due to an increase in amplitude ratio ratio a the
size and number of bolus increases.

9. The size and number of bolus in the upper and
lower parts of channel increases when Q in-
creases.
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Figure 1: Variation of pressure rise versus flow rate for (a) a =

0.2, b = 0.7, d = 1, φ = 0.7 and We = 0.2. (b) a = 0.3, b = 0.7,
d = 1, φ = 0.7 and M = 2. (c) We = 0.3, b = 0.7, d = 1,
φ = 0.7 and M = 2.

Figure 2: Variation of velocity profile for (a) a = 0.1, b = 0.5,
d = 1, φ = 0.7, x = 1, Q = 2 and We = 0.2. (b) a = 0.1,
b = 0.5, d = 1, φ = 0.7, x = 1, Q = 2 and M = 0.2. (c) a = 0.1,
b = 0.5, d = 1, φ = 0.7, x = 1, We = 0.2 and M = 0.2.
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Figure 4: Variation of pressure gradient for (a) a = 0.2, b = 0.7,
d = 1, φ = 0.7, We = 0.4, Q = −1. (b) a = 0.2, b = 0.7, d = 1,
φ = 0.7, M = 2, Q = −1. (c) We = 0.2, b = 0.7, d = 1, φ = 0.7,
M = 2, Q = −1.
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