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Abstract

The advanced mathematical model of Solid Oxide Fuel Cell (SOFC) is presented. The governing equations
of the model are presented and described. Based on the model the influence of fuel composition on SOFC
performance is shown. Hydrogen is used as the reference fuel.
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1. Introduction

Fuel cells are very promising technology for
power generation in the future due to the direct con-
version of fuel into electricity. Fuel cell units are rel-
atively small [1]. High temperature fuel cells (mainly
SOFC and Molten Carbonate Fuel Cell – MCFC) can
be coupled with other devices like gas turbines [2–7]
(making a hybrid system) or even used in polygener-
ation [8].

There are many mathematical models of the sin-
gular solid oxide fuel cell (SOFC) [9–12]. SOFC
performance modelling is related to the multi-physic
processes taking place on the fuel cell surfaces [13–
15]. Heat transfer together with electrochemical
reactions, mass [15] and charge transport are con-
ducted inside the cell. The SOFC models found in
the literature are based mainly on mathematical de-
scriptions of these physical, chemical, and electro-
chemical properties.
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The SOFC models developed thus far are mainly
based on the Nernst equation, activation, ohmic,
and concentration losses. Actually, this means
that the specific current-voltage curve is approxi-
mated by several factors such as current limiting,
exchange current and so forth. This approach re-
sults in good agreement with particular experimental
data (for which adequate factors were obtained) and
poor agreement for non-original experimental work-
ing parameters.

Moreover, most of the equations require the ad-
dition of numerous factors (porosity, tortuosity, ionic
and electronic paths, etc.) which are difficult to deter-
mine and which are often related to the microscopic
properties of the cell which govern both chemical
and electrochemical reactions.

Those parameters are frequently used as fitting pa-
rameters without any physical background. This is
particularly relevant in the case of complex fuel feed-
ing. It is far from straightforward to determine all
requisite coefficients and factors even for small num-
ber of current-voltage curves for hydrogen as a fuel
only. Introduction of other components makes this
task substantially more difficult. A new model is pro-
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Figure 1: Working principles of SOFC

Table 1: Maximum voltages for various reactions
Chemical Reaction Maximum

Voltage, Emax,
V at 20°C

H2+
1
2O2→H2O 1.23

CH4+2O2→CO2+H2O 1.06
CH3OH+3

2O2→CO2+2H2O 1.22
C+O2→CO2 1.03
C+1

2O2→CO 0.72
CO + 1

2O2→CO2 1.34

posed and the governing equations of this model are
presented in this paper.

Because of the complexity of the models, fully
empirical approaches can found in the literature [9,
16–23] to obtain reliable results during optimization
and dynamic simulations.

2. Mathematical model of SOFC

Mathematical modelling is now the basic method
for analyzing systems incorporating fuel cells. A
zero-dimensional approach is used for the modelling
of system elements.

2.1. Fuel cell voltage
The working principles of SOFC are shown in

Fig. 1. The oxygen partial pressure difference be-
tween anode and cathode forces oxygen ions (O=) to
pass through the solid electrolyte. This process gen-
erates voltage and an electric current can be drawn
from the cell.

The maximum voltage of the fuel cell depends on
the type of reaction occurring on the electrode sur-
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Figure 2: Equivalent electric circuit of the cell

faces. The maximum voltages for various reactions
are listed in Table 1. It can be seen that various fuels
in reaction with oxygen can give various maximum
voltages. Mixtures of various components occur in
the case of the analyzed fuels. Due to these circum-
stances the general form of Nernst’s equation is used
to estimate the voltage of SOFC:

Emax =
R · T
4F

ln
pO2,cathode

pO2,anode
(1)

Adequate partial pressures can be calculated
based on the thermodynamic functions of the
Peng-Robinson equation of state and minimization
of Gibbs free energy [24].

The equivalent electric circuit of a singular cell
is shown in Fig. 2. The total current which can be
drawn from the cell is strictly correlated with the
amount of fuel delivered. This means that it is a
value of current for which the whole fuel is utilized
– Imax. Then, the fuel utilization factor can be corre-
lated with the current generated by the cell:

I3 = (Imax − I2) · η f (2)

Imax = 2F · ṅH2,equivalent (3)

The mixture of various fuels enters into the SOFC
anode, so the fuel utilization factor is calculated
based on an equivalent hydrogen molar flow, which
is defined by the following relationship:
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ṅH2,equivalent = ṅH2 + ṅCO

+ 3 · ṅCH3OH + 4 · ṅCH4 (4)
+ 6 · ṅC2H3OH + 7 · ṅC2H6

+ 10 · ṅC3H8 + 13 · ṅC4H10

Two types of resistance are present in fuel cells:
ionic resistance r1 and electric resistance r2 (see
Fig. 2). Resistance r3 is the external load resistance
of the fuel cell. The second resistance has meaning
of electrons passing through the electrolyte layer. For
the electric circuit shown in Fig. 2, using Ohm’s and
Kirchhoff’s laws, a set of equations can be built as
follows:


Emax = r1 · i1 + r2 · i2

i1 = i2 + i3

ES OFC = r2 · i2

(5)

By solving both the set of Equations 5 and
Equation 2 an equation for the cell voltage is ob-
tained [25]:

ES OFC =
Emax − imax · η f · r1

r1
r2
·
(
1 − η f

)
+ 1

(6)

The value of maximum current density (imax) is
constant in the design point calculations. In the case
of design point calculations, the voltage-fuel utiliza-
tion factor curve (E = f

(
η f

)
) is the fuel cell char-

acteristic. E.g. the imax of 4.58A/cm2 was deter-
mined by the researchers’ own calculations, which
were based on data taken from [26, 27]. This means
that in design point calculations the cell area is al-
ways fixed in relation to inlet fuel flow. A lower
value of the imax means a larger cell area of the fuel
cell for the same fuel utilization factor.

The fuel cell characteristic is defined by a voltage-
current density curve (E = f (i)). The area of the cell
is fixed during off-design calculations, which means
that factor imax has to be calculated based on the fol-
lowing equations:

imax =
2 · F · nH2,equivalent

A
(7)
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Figure 3: Temperature dependence of ionic conductivity for
solid oxides

2.2. Area specific ionic resistance
Total ionic resistance of the cell is a function of

many parameters. The solid oxide fuel cell con-
sists of electrolyte covered by anode and cathode lay-
ers. Those layers influence ionic conductivity as well
(e.g. triple boundary phase processes). The material
used, porosity and design of the electrodes have a
significant influence on fuel cell voltage.

r1,total =
∑ δelectrolyte

σelectrolyte
+
∑ δanode

σanode
+
∑ δcathode

σcathode
(8)

The ionic conductivity of the solid oxide is defined
as follows:

σ = σ0 · e
−Eσ
R·T (9)

The ionic resistance of solid oxides as a function
of electrolyte temperature is shown in Fig. 4.

2.3. Area specific electric specific resistance
In general, solid oxides are assumed to be only

ionic conductors, but in fact electron conductivity
is present as well [28]. Gas leakage through the
electrolyte has the same effect as electron (electrical)
conductance and can be described in the same way.

The second type of internal resistance is electrical
resistance – r2 (see Fig. 2). The influences of tem-
perature and electrolyte thickness on electronic in-
ternal resistance of electrolytes are not well known.
The electronic conductivity values of solid oxide
electrolytes are probably spread across a very wide
range [29]. They do not have a major impact on
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Figure 4: Temperature dependence of electrical conductivity
for solid oxides

calculated cell voltage for high fuel utilization fac-
tors. It is difficult to measure the electronic resistance
of solid oxide electrolytes since they have both con-
ductivities – ionic and electronic – simultaneously,
which gives total electrical resistance. It should be
noted that decreasing electrolyte thickness reduces
ionic resistance, but also probably reduces electronic
resistance.

Apart from a physical explanation of the differ-
ence between calculated maximum cell voltage and
related open circuit voltage, for given r1, Emax and
EOCV (from experimental measurements) the value
of electrical resistance of the cell can be found by
using the following relationship:

r2 =
δ

σ2
(10)

The value of electrical resistance of the cell can be
estimated from available experimental results. Sub-
stituting η f = 0 into Eq. 6, the EOCV can be defined
by the following relationship:

EOCV =
Emax
r1
r2

+ 1
(11)

Substituting Eq. 10 into Eq. 11, the relationship
for electrical conductivity of the cell is obtained:

σ2 = δ ·
Emax − EOCV

r1 · EOCV
(12)

The electrical conductivities of solid oxides were
estimated by using Eq. 12 and based on experimental
data published in [30–37]. The result of this estima-
tion is shown in Fig. 4.
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Figure 5: Experimental and simulation data at various fuel com-
positions for experimental data taken from [26]. Temperature
800°C, air as oxidant

3. Model validation

The presented model was compared with experi-
mental data [26]; this comparison is shown in Fig. 5.
The tested cell has a diameter of 2.6 cm, and the fol-
lowing oxidant and fuel flows were kept constant:
oxidant 550 Nml/min and fuel 140 Nml/min, respec-
tively. The cell was tested at a constant temperature
of 800°C.

The tested cell was constructed of YSZ-SDC bi-
layer electrolyte supported by the anode layer. The
thickness of the SDC layer was around 3 µm and the
total thickness of the YSZ-SDC bilayer electrolyte
thin film was 10 µm. Then, the ionic resistance of
the fuel cell was calculated as follows:

r1 =
δS DC

σS DC
+
δYS Z

σYS Z
+ relectrodes (13)

Adequate factors of ionic conductivity for both
layers were read from Fig. 3, whereas resistance of
the electrodes was fitted (in fact there is only one fit-
ting parameter in the model) and assumed constant:
0.06 cm²/S. It should be noted that electrode losses
are significant (62%) at 800°C compared with elec-
trolyte losses. Often, both anode and cathode lay-
ers contain the same material which is used for elec-
trolyte. It is evident that temperature has a signif-
icant influence. Further work will focus on finding
adequate relationships for that.

Voltages and current densities were calculated
based on equations presented in this paper. The
model was compared with experimental data for hy-
drogen as a fuel diluted by helium and hydrogen as a
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fuel diluted with steam; this comparison is shown in
Fig. 5.

4. Discussion

SOFC fuelled by dry hydrogen is modelled with
higher accuracy than other fuel compositions. While
lower hydrogen content in the fuel mixture is mod-
elled with a higher degree of error, on the other hand
the shapes of the obtained curves generally follow
the experimental data.

The OCVs given by the model are almost the same
as the experimental data. Significant differences oc-
cur with low hydrogen content; this affects situations
where hydrogen is diluted with helium and steam.

The crucial issue in fuel cell voltage estimation is
calculating the Nernst voltage using Eq. 1. Firstly,
oxygen partial pressures should be calculated at the
outlet streams. Secondly, chemical equilibrium is as-
sumed at the anode, which is mainly true in the case
of hydrogen as a fuel. For other fuels, adequate ki-
netic calculations must be proceeded to obtain an ac-
curate value of oxygen partial pressure [38]. Addi-
tionally, the presence of any catalytic medium [39]
can impact the manner of obtaining accurate results.

5. Conclusions

The advanced mathematical model of SOFC is
presented. The governing equations of the model are
presented and described. Based on the model the in-
fluence of fuel composition on SOFC performance is
shown. Hydrogen is used as the reference fuel.

The proposed model gives acceptable results for
various fuel compositions. Simultaneously, dry hy-
drogen as well as hydrogen diluted with other com-
ponents (He, H2O, CO2, N2) is modelled with a rel-
atively small degree of error. The proposed model
gives physical results for the whole range of parame-
ters. Assuming the fuel utilization factor as zero, the
equation for open circuit voltage is obtained. The
difference between the Emax and EOCV is expressed.
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Nomenclature

δ thickness, µm

ṅ molar flow, mol/s

η f fuel utilization factor

σ conductivity, S/cm

σ0 factor dependent on material used, S/cm

σ2 electron conductivity, S/cm

A cell area, cm2

Emax maximum voltage, V

Eσ factor dependent on material used, J/mol

F Faraday constant, 96,485.3415 C/mol

imax maximum current density, A/cm2

p partial pressure, bar
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R universal gas constant, 8.315 J/mol/K

r1 internal ionic area specific resistance, cm2/S

r2 internal electron area specific resistance, cm2/S

T absolute temperature, K
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